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All materials have microstructure!

n Conventional constitutive models ignore this fact.
n But what if microstructure dominates the behaviour?

u Deformation localisation in thin bands.
u Scale e�ects.
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All materials have microstructure!

n Conventional constitutive models ignore this fact.
n But what if microstructure dominates the behaviour?

u Deformation localisation in thin bands.
u Scale e�ects.

0 50 100 150 200
10

20

30

40

50

60

70

80

90

hole diameter (mm)
H

ol
lo

w
 c

yl
in

de
r 

st
re

ng
th

  (
M

P
a)

red wildmoor

castlegate

berea

Photos courtesy of Q. Ni & I. Vardoulakis. Data courtesy of E. Papamichos.



Motivation
Introduction
Motivation
The problem
One way out
Outline of the talk

A Gradient Plasticity

Gradient
Elastoplasticity

Outlook

A. Zervos & P. Papanastasiou ALERT Graduate School, Aussois, 2010 { 3 / 39

Model localisation & scale e�ect in strain-softening materials

i.e. materials that lose strength as they strain.

n Shearbands in dense sands and overconsolidated clays.

u Progressive failure of slopes and embankments.

n Localised failure in concrete and rocks.

u Formation of breakouts in deep boreholes.

n Necking in metals.
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Model localisation & scale e�ect in strain-softening materials

i.e. materials that lose strength as they strain.

n Shearbands in dense sands and overconsolidated clays.

u Progressive failure of slopes and embankments.

n Localised failure in concrete and rocks.

u Formation of breakouts in deep boreholes.

n Necking in metals.

. . . But is that not straight-forward to do with �nite ele-
ments/di�erences?

Unfortunately it is far from straight-forward.
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Figures from: J. Pamin, Gradient-dependent plasticity in numerical simulation of localisation phenomena.

. . . Numerical solutions are normally useless.
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Mesh sensitivity due to lack of microstructural information.

Use a continuum theory with microstructure:

n Cosserat continuum.

u Point rotations, as well as displacements.

n Elasticity with Microstructure (Micromorphic Elasticity).

u Distinct kinematics of micro- and macro-volume.

n Non-local continua.

u Stress depends on average neighbourhood strain.

n Gradient Elasticity and Gradient Plasticity.

u Stress depends on strain gradient as well as strain.
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There are many gradient plasticity theories in the literature:

n Vardoulakis, Aifantis, de Borst and Pamin, Fleck
and Hutchinson, Chambon, Zbib. . . (The list is non-
exhaustive.)

It is impossible to review them all here.

n We will focus on numerical computations.

In this section only the formulation of de Borst and Pamin will
be brie
y presented.

n Convenient as an example.
n Numerical formulation highlights some interesting issues.
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n Equilibrium: _� ij;i = 0
n Constitutive: _� ij = Cijkl (_� kl � _� p

kl )

n Flow rule: _� p
ij = _�

@G
@�ij

n Yield condition:F (� ij ; �; r 2� ) = 0

where

n � a hardening parameter.
n � the plastic multiplier.

Dimensional consistency:
r 2� introduces a length parameter.
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During plastic loading, the stress state should lie on the evolv-
ing yield surface:_F (� ij ; �; r 2� ) = 0

_F = 0 �!
@F
@�ij

_� ij +
@F
@�

_� +
@F

@r 2�
r 2 _� = 0 �!

@F
@�ij

_� ij � h _� + gr 2 _� = 0

n h is the hardening parameter.
n g the gradient in
uence parameter.

This is a di�erential equation, rather than an algebraic one!
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There are two govering equations to solve:

n Equilibrium: _� ij;i = 0

n Consistency:
@F
@�ij

_� ij � h _� + gr 2 _� = 0

Finite element discretisation:

n Discretise_ui and _� .
n _� = 0 or @_�=@n = 0 at the elastoplastic boundary.
n Appropriate interpolation schemes needed.

u . . . ones that allow plasticity to spread!
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(de Borst and Pamin, 1996)

But:

n Equations change order at the elastoplastic boundary (this
is inconvenient).

n The way of introducing the internal length is perhaps
counter-intuitive.
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Model deformation and failure of geomaterials.

n Signi�cant irreversible (plastic) deformation.
n Strain softening leads to deformation localisation.
n Existence of scale e�ects.

Introduce microstructure in plasticity.

n Build on the ideas of gradient elasticity.

u Governing equations do not change order.
u No boundary conditions on elastoplastic boundary.
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Equilibrium: _� ij;i = 0

Total (equilibrium) stress: _� ij = _� ij � _� kij;k
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Equilibrium: _� ij;i = 0

Total (equilibrium) stress: _� ij = Ce
ijkl _� e

kl � _� kij;k
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Equilibrium: _� ij;i = 0

Total (equilibrium) stress: _� ij = Ce
ijkl _� e

kl � l2
eCe

ijkl � r 2 _� e
kl
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Equilibrium: r i � _� ij = 0

Total (equilibrium) stress: _� ij = Ce
ijkl _� e

kl � l2
eCe

ijkl � r 2 _� e
kl

Yield function: F (� ij � � ij ;  ) = 0

Back stress: _� ij = � l2
pCe

ijkl r 2 _� p
kl

Plastic strain: _� p
ij = _ @Q=@(� ij � � ij )

Total stress becomes: _� ij = Cep
ijkl _� kl � Cm

ijkl r 2 _� kl

Back stress becomes:_� ij = � l2
pCp

ijkl r 2 _� kl
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Equilibrium stress consists of two parts:_� ij = _� ij � _� kij;k

n Stress, conj. to strain:_� ij = Cep
ijkl _� kl

n Double stress, conj. tor -strain: _� kij = Cm
ijmn _� mn;k
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Equilibrium stress consists of two parts:_� ij = _� ij � _� kij;k

n Stress, conj. to strain:_� ij = Cep
ijkl _� kl

n Double stress, conj. tor -strain: _� kij = Cm
ijmn _� mn;k

Principle of virtual work
Z

V

(� ij � _� ij + � kij � _� ij;k ) dV =
Z

S�

(t i � _ui + f i nk � _ui;k ) dS
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n Use a displacement formulation:u = N � bu
n Strain gradient in the weak form:C1-continuous element.

Node

Displacement

All three second derivatives

Both first derivatives

C1 triangle.

n 36 degrees of freedom.
n Quintic polynomial.
n Cubic normal derivative.
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Rigid platen

Confining pressure
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The di�erent meshes used:
Name Mesh DOFs
Coarse 10x20 2772
Medium 20x40 10332
Fine 30x60 22692
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Contours of plastic strain for di�erent dilatancy angles.

n Simulations capture quantitatively the failure mechanism:

u Shearband inclination:� � 450 + ( � +  )=4
u Reorientation near a free boundary:� � 450 +  = 2
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The di�erent meshes used:
Name Mesh DOFs
Coarse 15x40 7380
Medium 20x80 19440
Fine 25x121 36300

n Stability of wellbores and
perforations.

n External pressure
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Loss of symmetry and �nal breakout mechanism.
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n Pressuremeter test, pile driving.
n Hydraulic fracturing of weak rocks.

u No tensile stress due to plasticity.
u Evidence of breakdown at pressures lower than the

limit pressure.
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Cavity deformation for an in�nitesimal increase�p i

of the internal pressure:

a) uniform axisymmetric expansion

n Only ur (r ) discretised,u� = @� =@�= 0.
n C1 elements: cubic Hermite

u ur and@ur =@ras DOFs.

ReZ

R i

�
B T

1 DB 1 + B T
2r MB 2r + B T

2� MB 2�
�

rdr � _̂u = K t � _̂u = _f

This equation yields the deformation corresponding to thetrivial deforma-
tion path, i.e. to axisymmetric expansion.
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Trivial mode

m=9

b) warping of the cavity for �p i = 0

n _ur = u0
r (r ) cos(m� ),

_u� = u0
� (r ) sin(m� ),

wherem is thewavenumber
n Both ur andu� are discretised in r
n C1 elements: cubic Hermite

u ur , @ur =@r, u� and@u� =@ras DOFs.

ReZ

R i

�
B T

1;ns DB 1;ns + B T
2r;ns MB 2r;ns + B T

2�;ns MB 2�;ns +

B T
1;nc DB 1;nc + B T

2r;nc MB 2r;nc + B T
2�;nc MB 2�;nc

�
rdr � _̂u = 0

or K nt � _̂u = 0. So non-trivial solutions exist ifjjK nt jj = 0.
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We present results for four di�erent cylinder sizes:
Ri = 5; 10; 20 and40 cm, whereRe = 6Ri .

Loading takes place in two stages:

n Apply internal & external pressurepi = pe = 30 MPa
n Increasepi , while maintaining constantpe.

For each load increment:

n K t � _̂u = _f is solved for the trivial deformation mode.
n K nt (m) is formed for all1 � m � 100 in turn.

u If jjK nt (m)jj < 0 then non-trivial deformation of
modem is possible at that load level.
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(b) Trivial deformation path

n The critical bifurcation stress depends on cylinder size
n The critical bifurcation mode is �nite

u Wavenumber selectionis a result of microstructure

n The trivial path is common for all cylinders
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Fixed
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Finite element formulation

n Displacements:u = N � û
n u must beC1 continuous
n We use aC1 triangle (36 DOFs)
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(a) Displ. increment (b) Final material state

For the case ofRi = 10 cm and a mesh with32640DOFs

n Spontaneous loss of axisymmetry,m = 30
n Deformation localisation in thin, softening bands
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For the case ofRi = 10 cm and a mesh with32640DOFs

n Spontaneous loss of axisymmetry,m = 30
n Deformation localisation in thin, softening bands
n The maximum pressure is lower than the limit pressure
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(a) (van den Hoek, 2001) (b) Final material state

For the case ofRi = 10 cm and a mesh with32640DOFs

n Spontaneous loss of axisymmetry,m = 30
n Deformation localisation in thin, softening bands
n The maximum pressure is lower than the limit pressure
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Higher order theories:

n Introduce material length scales.
n Regularise material behaviour in the softening regime.
n Are able to capture localised failure mechanisms.

u Finite shearband thickness.
u Robust numerical solutions post-peak.
u Robust predictions and tracking of instabilities.

n Are able to capture scale e�ects.

However there are still issues to be resolved. . .
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. . . and some of these issues are:

n New parameters: material lengths and softening rate.

u How do we calibrate?
u Element tests are NOT the answer!
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. . . and some of these issues are:

n New parameters: material lengths and softening rate.

u How do we calibrate?
u Element tests are NOT the answer!

n New types of boundary conditions: richer behaviour.

u Physical meaning not always clear.
u Restriction of derivatives is analogous to \roughness".
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. . . and some of these issues are:

n New parameters: material lengths and softening rate.

u How do we calibrate?
u Element tests are NOT the answer!

n New types of boundary conditions: richer behaviour.

u Physical meaning not always clear.
u Restriction of derivatives is analogous to \roughness".

n Advanced maths and numerical methods are needed.

u Apparent complexity of the maths discourages use.
u No broad consensus on best numerical practices.
u Non-standard software, often user programmed.

�

�

�

�Still viewed with suspicion by practitioners.
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n Higher order theories are useful: they are able to describe
phenomena that classical theory cannot.

n They do not render classical theory invalid. They contain
it as a special case, still useful in the larger scales.
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n Higher order theories are useful: they are able to describe
phenomena that classical theory cannot.

n They do not render classical theory invalid. They contain
it as a special case, still useful in the larger scales.

n No theory (classical one included!) is \The Truth".

u All theories are approximations, useful or otherwise,
to observed phenomena.

u Which one we use should be dictated by our needs for
solving engineering problems.
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