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Historical Background
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Fig. 4. Reproduction of Coulomb™s origina drawing concerming the cntical Bnlure mechianism in
unaxeal compression on rock and the corresponding entical stress combimahon (see Hell (127 1)

Coulomb Charles-Augustin. Essai Sur une application des regles de
Maximis & Minimis a quelques Problemes de Statique fifsla
I'Architecture 1773. In: J. Heyman, Coulomb's Memoir on Statics,
Cambridge University Press, 1972.



Mohr, O. (1900). Welche Umstéande bedingen die Elastizitatsgremze
den Bruch eines MaterialZegitschrift des Vereines deutscher Ingenieure
44, 1-12.

“...The deformations observed in a homogeneous body after the elasticity limit [is
reached] are not confined in the smallest domains of the body. They consist
more or less in that, parts of the body of finite dimension displace with respect to
each other on two sets of slip bands...”.



Fig. 3. Reproduction of Mohr's (19K} angmal dravang for the graphical determination of a limear
failure envelope (the well-known Coulomb-Mohr envelope) including uniaxial compression. pure
chirar and uniaxial tension



Classical Mohr-Coulomb analysis of triaxial extensant
compression tests
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Critical review of Mohr-Coulomb approach

-The orientation of the failure plane is based purely on statical considerations
(locus of most favorable ratio of shear and normal stresses).

- It can be deduced from the knowledge of the orientation of the principal
stresses (not their magnitude) and of one material property (the internal
friction angle).

- It is commonly observed that the complete inelastic response of a material
Influences the conditions of incipient failure and not only one material
parameter such as the internal friction angle.

- Failure of geomaterials is characterized by the formation and propagation
of zones of localised shear deformation.

- The localisation process is seen as an instability that can be predicted from
the pre-failure constitutive behaviour of the material.

- Geomaterials are characterised by a non-associated and non-coaxial
plastic behaviour and this has important effects on the localisation process

(Rudnicki and Rice, 1975, Chambon and Desrues, 1984, ...).
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Stability and Uniqueness



Well-posedness of a Boundary Value Problem

Boundary value problem:

Governing equations: 0B
- Equilibrium equation diva=0 in B
- Constitutive equations : 0=Ce B
- Boundary conditions (Imposed tractions or

displacements on the boundary)

Well-posed mathematical problem:

- Existence of a solution

- Unicity of the solution

- Continuity of the solution with respect to
the data




Well-posedness of a Boundary Value Problem

Lyapunov Stability (1892):
The evolution in time of a given perturbation remains bounded

Bifurcation:
Loss of uniqueness of a given boundary value problem (no reference to a
perturbation)

These notions of stability and bifurcation thus refer to a mechanical system
with well defined boundary and initial conditions.

Material instability

The mechanical system is a material element (Representative Elementary
Volume in a homogeneous state of stress and strain). Spontaneous
change of the deformation mode in the next loading increment is seen as a
material instability (bifurcation state).
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Jop!

Equilibrium equatio;: —-=0
ox,
Incremental constitutive equations (piecewise-lified, = C,, O
. . . 0°v,
Governing2nd order differential syster,, ——— =0
0X,0%

Ellipticity condition:

[In, G, N n strictly definite positive regularity of the 'acoustic' tensor

Loss of ellipticity condition is linked to the appearance of strain
localisation (deformation modes involving discontinuities of the velocity
gradient). It is also related to stationary acceleration waves.
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Localized and Diffuse Bifurcation

- Loss of ellipticity (strain localization) is
a sufficient condition for bifurcation (loss ~ 2k
of uniqueness)

| e
- Shear localization can be preceded by diffuse non homogeneous
deformation modes such as bulging or barrelling especially in
axisymmetric compression tests (Sulem & Vardoulakis, 1990, Chau &
Rudnicki, 1990).
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Localized and Diffuse Bifurcation

- Diffuse homogeneous bifurcation can also occur before shear banding and
Is essentially controlled by the loading parameters and constitutive law.

. . Hasiun' S
Example: liquefaction of | CUSPR-05

quse Sand§ u.nder _ i -- From Khoa et al (2006)
axisymmetric isochoric s

triaxial paths.

Hill's stability criterion: Positiveness of 2" order work d?W = dgij dgij >0

Violation of Hill's stability criterion is linked to the appearance of
homogeneous diffuse bifurcation (Nicot & Darve, 2007, 2010).

- Controllability of geotechnical tests: Depending on the loading parameters,
controllability of geotechnical tests can be lost due to the non symmetry of
the stiffness matrix (Imposimato and Nova, 1998, Nova, 2004)



Strain localization analysis
|%m

The strain localization analysis consists in searching the incipient of a
shear band in a solid as a mathematical bifurcation condition for the
deformation field.

The strain localization phenomenon is understood as the appearance
of a discontinuity in strain rates which marks the onset of non-uniform

response.
14



1D Localization in a layer under simple shear

Palmer & Rice (1973), Rice (1975), Vardoulakis (1976), Bésuelle & Rudinicki (2004)....

\ g Shear strain and volume strain
v, y= ou, = ou,
0z 0z

Uniform state of stress in the layer

ﬂ:o a_J:O
0z 0z

. . . U
Trivial solution: homogeneous deformation: y:F

We assume that the deformation in the layer is homogeneous up to y=J,

Possibility of non homogeneous deformation in the next increment?
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1D Localization in a layer under simple shear

Non uniform deformation in a band of thickness 77h

1 / / yband — yout_l_Ay
nh
h o7 _ =0= P =7
/ / 9z

Under constant g, assuming that the tangent modulus is the same inside
and outside the band (loading and unloading) (continuous bifurcation)

“T
an e, pan a -, OU an . QHtan
H®'(y,)y™™=H "y,)y = H*(y,)Ay =0 T

ForH®"(y,)>0Ay=0

Y

[

First occurrence of non homogeneous deformation for H2"=0 (peak of the
stress strain curve)



1D Localization in a layer under simple shear

Elasto-plastic constitutive equations 1T Mran® {3 1ra

[ler & canal)

p=srep == o)

¥

For elasto-plastic solids the response differs in loading and unloading

H2 =G (elastic unloading),

out
Han,=H/(1+H /G) (plastic loading

H

G-ut: - band
4 1+H /Gy

H is initially positive. First occurrence of loss of homogeneous deformation
Is obtained again for H=0

ForH =0, =0
At the onset of localization, the material outside the incipient band 17
behaves as a rigid solid




1D Localization in a layer under simple shear

The non homogeneous solution for H#< 0 is not unique

U :ﬂhyband + (1_0) hyout / T
Z-.band — T out:> H bani-/ band: H tarc])v out / /

tan

H®" =G (elastic unloading),

out
Han,=H /(1+H /G) (plastic loading
yband — U G
hnG+(1-7)H/(1+ H/G)
J./out:u' H/(1+H /G)
h7G+(1-7)H/(1+ H/G)
. Uu H
hn+H/G

A quasi-static solution is not possible beyond the point where H/G <-1
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Shear band model

kinematical compatibility condition

(weak discontinuity) %/dﬂ o™
i
. g |
The continuity of the velocity field dt; dg
across the shear band implies that : - # T
the tangential component of the d*a
velocity gradient is continuous across %

the band (Maxwell theorem)

[Aui] =0 and[aqu ] =gn [.] jump across the shear band boundary

The above expression assumes that the non homogeneous solution has
the form of a planar band.

Consequently, localization is favored when the pre-bifurcation,
homogeneous field contains a plane of zero extension rates, as in plane
strain whereas highly destabilizing effects as strong softening behaviourlgs
needed to generate shear band formation in axisymmetric deformation.



Shear band model

Equilibrium across the shear band boundary

[at]=]Ag; |n =0

Incremental constitutive relationships

Aog; = Cljkl 0, Ay

Two possibilities:

Discontinuous bifurcation: elastic unloading occurs outside the band
while continued elastic-plastic loading occurs within the band.

Continuous bifurcation: The constitutive tensor is continuous across
the band

Continuous bifurcation precedes discontinuous bifurcation (Rice and
Rudnicki 1980, Simo, 1993) 20



Shear band model

B 4t .
_Cijkl :| =0 %/dh 6 ‘,D'”
_ ] !
Ag; ]'nj =Gu [d2y].n dt %
=C,nng =20 d
ikl =g U
- 5 :Dll}

M« =Cyjnn  Acoustic tensor
9 =0

Condition of existence of a weak discontinuity for the incremental displacement

Strain localization criterion detlfF = 0

21



Shear band model
Strain localization criterion detl = 0 e =Cn N
Strong Ellipticity condition:  [In, Gy, n i strictly definite positive

» The strain localization criterion corresponds to the state of loss of ellipticity
of the governing equations.

* They change type and from elliptic they turn to hyperbolic.

» Shear bands are thus identified with the characteristic lines of the
governing hyperbolic partial differential equations.

Wave propagation along the direction n
The wave velocity C is solution of : det(rik = ,ocza'ik)

* If the acoustic tensor is strictly definite positive, all the velocities of
acceleration waves are real (Hadamard’s (dynamic) stability criterion,
1903).

» The localization criterion corresponds to a state for which the velocity of
wave propagation in the direction normal to the band is null (stationary
wave).



Shear band formation in rocks

Example of a constitutive model commonly used for rocks:
Drucker-Prager plasticity model with non associate flow rule:
F=T-ua-0),Q=T+p0 :
Mean stresso =g,, /3
Mises equivalent stress= /s § /-
witly, = g; —oq

friction coefficient:u
dilatancy coefficients

For low mean stress, the behavior is frictional and dilatant, y and 8 are
positive.

For higher mean stress, the behavior is compacting, g and 8 are negative.
23



EXAMPLE: 2D COMPRESSION TEST N2

(small strain analysis)

Elasto-plastic incremental constitutive equations

d-ll = L11£11+ Llég 22
d-22 = L21£11+ L ZZé 22
o, =2G¢E,

L,=G 1+K—%(1+K,U)(1+K,B)]

L,=G —1+K—%(1+K,LI)(—1+K,3)

L, =G —1+K—%(—1+ k) (1+KB)

L, = G(1+K—%(—l+ k) (—1+ kB)

L. friction coefficient, S dilatancy
coefficient

K=K/G= 1/(1- 2v) (v Is the Poisson’s
ratio),

H = 1+h+«uf . plastic modulus,
h :\a\d—’u - hardening modulus
dyP

24



2D COMPRESSION TEST
det(", )= 0

pof Lt (Lt G nn,
(Lu+G)nn,  Lym+ Gr

det(l” )= G|-11ni1 +( Ll L= Gl GLz) rflrfz'l' GLzﬂ

Shear-band inclination angle 8 tand=-(, /n,) %, J%

Characteristic equation: gtan*@+btarf@+ c= ( 2d,

a-= L*11; b= Ij11|:22_ I*-12L21_ L12_1— 2;_LC:*L 2

fori=1,2L; =L, /G y\ 65
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2D COMPRESSION TEST

Classification of the regimes of the characteristic equation

Elliptic imaginary

(El)

4 imaginary roots

A=b*-4ac=0
b/a>0etc/a= C

Elliptic complex

4 complex roots

(H)

(EC) A<0

Parabolic 2 real roots A=b*-4ac>0
= 2 Imaginary roots

(P) dihary c/a<0
Hyperbolic 4 real roots A=b*-4ac=0

b/a<0etc/a>C

26



2D COMPRESSION TEST

The condition for shear band formation is derived from the requirement
that the characteristic equation has real solutions.

This condition is firstly met at a state Cg (B for bifurcation) for which
C.:b/a<0 and D=1 - 4ac= (
6, =+ arctar(cl’ 4)

critical hardening modulus hg at shear banding

( U= IB)Z -For associate plasticity (u=p) localisation occurs
= at peak (hy=0
B 8(1_V) P ( B )

-For non associate plasticity (B<u) localisation
occurs in the hardening regime

g; = Z+ . lﬂ: Arthur et al. 1977, Vardoulakis, 1980

For associate plasticity (@;=5) the Coulomb orientation is retrieved:
0 = W4+¢@?2 27



Shear band formation in rocks
General 3D state of stress

Critical hardening modulus at shear banding (Rudnicki and Rice, 1975)

_ 1+v ooy _ 1ty B+ 1\’
hB_9(1—v)(ﬁ H) 2(N+ 3)

N = Sﬁ—_' IS the Intermediate normalized principal deviatoric stress
r N =-1/-/3

~1//3<N<1/4/3 ?E—% \
for axisymmetric extension |

-0.1
(01=02<03<O),N=—1/\ﬁ3 ;
for axisymmetric compression 11=05 0.2
(0,<0,=0,<0),N=1//3 y=025 -03

for pure shear os
(0,=-0,,0,=0),N=0 B
-0.5




Shear band formation in rocks
General 3D state of stress

Shear band orientation with respect to the least (in absolute value)
compressive stress (Rudnicki and Olsson, 1998)

(2/3)(1+v)B+u)-N (I- 2 )

\V4—-3N?

7 6,(°) 1=0.5
v =0.25

G, =7—T+larcsina , Witha =
4 2

B=u

48

04 02 0 0.2 04
N =-1//3 N N =1/+/3
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Shear band formation in rocks
Dilation and compaction bands

(2/3)(1+v)B+u)-N (I- 2 )

V4-3N?
This expression is valid for -1 < a < 1 (Perrin and Leblond, 1993)

N(L- 2v)—+/4— 3N? s NE2 W+ 4 AP

2(1+v)/3 =PTHS 2+v ) /3

N(L-2v)++/ 4- 3N

2(1+v)/3

N(1—2v)++/ 4— 3N?

2(1+v)/3

1 . .
G, =14 Zarcsing , Witha =
4 2

For(B+ u > , formation of dilation bandg, = 90

Forf+ <

, formation of compaction bandg, = °

30



Shear band formation in element tests on rocks
Dilation and compaction bands

axisymmetric compressic

fo)
-
N =1/+/3 g B
g — i ®)
B=H S 3 - B
_ - 7 2 3
S = - 2
S S = =
E o — )
S = a
O o
@)
1.5 1 0.5 0 0.5 1 1.5



Conjugate shear bands in perlite Shear band formed in triaxial test
(Milos Island, Greece) on Fontainebleau sandstone

(photo I. Vardoulakis) El Bied and Sulem (2002)
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Shear band formed in triaxial testing onFontainalbbkandstone
(porosity 21%, grain size 0.2mm)

2 dg = 660um : thickness of the shear band as
measured with the magnifying glass

Elbied and Sulem,
2002, Int. J. Rock
Mech Min Sci

2 dc=300um : ! '

thickness ofthe  cracked zone

intact zone 33
crushed zone



P. Labawme, [ Moressi £ Jowrnal of Structural Geology 23 (2000 ) 163916735

Fault zone in porous sandstone
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Shear band formed in triaxial testing on Fontaingblsandstone
(porosity 21%, grain size 0.2mm)

Cataclastic shear banding
Sulem & Ouffroukh, 2006, Int. J. Rock Mech. Min. Sci
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porosity (%)

Porosity inside the shear band

Drained tests
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Porosity (%)

At low confining pressure:

porosityincrease and permeabilitylecr ease
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Porosity (%)

At high confining pressure.:

porositydecr ease and important permeabilityecr ease
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Confinement: 28 MPa
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Compaction bands

Compaction band fin

B

Compaction bands in sandstone
East Nevada, (Sternlof, 2006)

A

2|12 mi3| &
.lﬁ'ﬁll.!llllmlhr 1

Compaction bands in sandstone
Triaxial compression, (Fortin et al.,
2005)
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Non coaxial plasticity
. 0
19Q
d0;
» The direction of the plastic deformation is fixed by the current state of

stress and does not depend upon the direction of the stress increment.

Classical plasticity flow rule: & =

* The plastic deformation rate possesses the same principal axes as the
stress tensor, which means that it is coaxial to the stress tensor.

 For better predictions for shear-band formation, one has to abandon
the concept of classical coaxial plasticity flow rule and resort to
hypoplasticity flow rules which consider the effect of stress rate.

Examples:

- Yield vertex plasticity model (Rudnicki & Rice, 1975)

- Deformation theory of plasticity (Vermeer and Schotman, 1986, Sulem
& Vardoulakis, 1990)

- Non coaxial plasticity model (Papamichos and Vardoulakis, 1995)

- Incrementally non-linear laws (Darve, 1985, Chambon and Desrues,
1989) 40



Post bifurcation behavior
Limits of the classical continuum theory

* In the post bifurcation regime the governing equations are
mathematically ill-posed (loss of ellipticity)

» Conventional constitutive models do an internal length
(material parameter with the dimension of length), so that the
shear band thickness (i.e. the extent of the plastically
softening region) is undetermined.

* It appears necessary to resort to continuum models with
microstructure to describe correctly localization phenomena.
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Post bifurcation behavior
Limits of the classical continuum theory

*These generalized continua usually contain additional kinematical
degrees of freedom (Cosserat continuum, lectures of E. Papamichos,
P. Papanastasiou) and/or higher deformation gradients (higher grade
continuum, lectures of A. Zervos, S. Papanicolopulos, G.
Exadaktylos)).

* In this case the underlying mathematical problem describing
localization phenomena is regularized and the governing equations
remain elliptic.

* Moreover, this technigue allows robust computations to follow the
evolution of the considered system in the post-bifurcation regime and
to extract additional information such as the shear band thickness or to
assess the scale effect.
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CONCLUSIONS Part 1

- Strain localization occurs when there exists one direction for which acoustic
tensor becomes singular (Rice’s criterion)

- Advanced constitutive models (non associate, non coaxial) allow for good
predictions of the occurrence of strain localization and of the orientation of
the shear band

- Classical continuum models are unable to describe the finite thickness of
the shear band

- The underlying mathematical problem becomes ill-posed in the post
localization regime

- The finite element method is applicable only for solving numerically elliptic
differential system.

- Necessity to resort to continuum models with internal lengths (micromorphic
continuum models) to regularize the mathematical problem in the post
localization regime and to restore ellipticity for FEM applications. 43





